Elaborating dependent
(co)pattern matching

Jesper Cockx Andreas Abel

Chalmers & Gothenburg University

23 March 2018



Type systems & proof assistants:
science or faith?

surface
language

core
language

1/38



Type systems & proof assistants:
science or faith?

surface
language

core
language

elaboratio

1/38



Type systems & proof assistants:
science or faith?

science
surface elaboratio core
language language

1/38



Type systems & proof assistants:

science or faith?

faith  science

surface elaborationp |COr€
language language




Type systems & proof assistants:
science or faith?

faith  science

surface elaborationp |COr€
language language

Goal: turn piece of faith into science.
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Presenting. ..

A core language with inductive data types,
coinductive record types, an identity
type, and typed case trees.

An elaboration algorithm from copattern
matching to a well-typed case tree.

A proof that elaboration preserves the
first-match semantics of the clauses.



Dependent copattern matching



Example: maximum

max : N — N — N

max zero y =y

max x zero = x

max (suc x) (suc y) = suc (max x y)

3/38



Example: maximum

max : N — N —- N
max zero y =y

maXx X ZEro X

max (suc x) (suc y) = suc (max x y)
First-match semantics:
We don't have max x zero = x,

but only max (suc x) zero = suc x.
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Example: conatural numbers

record N°° : Set where
iszero : B
pred : iszero =g false — N*°

4/38



Example: conatural numbers

record N°° : Set where
iszero : B
pred : iszero =g false — N*°

zero : N*° suc : N — N

zero .iszero = true suc n .iszero = false

zero .pred () suc n .pred = n
inf : N*°

inf .iszero = false
inf .pred = inf
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Example: C Streams

record S : Set where

head : N
tail : (m:N) — head =ysucm— S
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Example: C Streams

record S : Set where
head : N
tail : (m:N) — head =ysucm— S

timer : N — S

timer n .head =n

timer zero tail m 0

timer (suc m) .tail  m refl = timer m
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Example based on #2896

data D : N — Set where
c:(n:N)—Dn

foo: (m:N) — D (suc m) - N

foo m (c (suc n)) = m+n
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Example based on #2896

data D : N — Set where
c:(n:N)—Dn

foo: (m:N) — D (suc m) - N

foo m (c (suc n)) = m+n

What does this even mean???
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Surface and core languages



Term syntax (surface and core)

A B yu,v == (x:A) — B | Set,
| Du|Ru|u=av
| xe|fe|cu] refl

e n=wu |

A =€ |(x: AA
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Surface language

decl ::= data D A : Sety where ¢ A
| record self : R A : Set; where 7 : A
| definition f : A where cls

cls =g <> u| g impossible
qg ==p|.7
p u=x|cp|refl|lu] |0
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Core language: typing rules

M(x:A)F B:Sety

=T I A:Sety
rFSethSete+1 FF(X:A)—)B:Setmax(Ly)
D:Setp € X R:Sety € X I+ A: Sety FrM-wu:A rCv:A
[+ D: Sety I+ R: Sety - u=4v:Set
x:Ael MNx:Ake:C f:AeX rf:Are: C
N-xe:C r-fe:C
cA.:Dex Fr=v:Ac r=A Fr~u:A
-cv:D FErefl:u=pu
r’Ev:A MNMuv:Blv/x]Fe:C
MNMu:(x:A)—-BFve:C
self :R-.7:Aex Mu.m:Alu/self]-&: C
NMu:RE.re: C
Fr’Fu:A r'FA=B r-A=A Mu:AFe:C
MNMu:AkFe: C

l-u:B
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Core language: case trees

Q ::

= u

| x. Q

| record{m — Q;...; T — Qn}
‘ R

|

case,{refl =™ Q}
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Case tree typing

[ fg:AF Q

“The case tree Q gives a well-typed
implementation of f applied to copatterns g"
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Case tree typing:
v

[=v:C
[[fg:Chkv

Side effect: X=X, (TFfg—v:C(C)
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Case tree typing:
AXx. @

[(x:A)|fgx:BFQ

[ fg:(x:A) — BF x. Q
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Case tree typing:
record{. ..}

record self : R : Set; where 71 : A; € &
(T'|fqg.m:Alf [q]/self] - Q)i=1

[|fg:RF record{m — Qq;...;m — Qpn}

14/38



Case tree typing:
casex{...}

D : Sety where ¢; A; € X

( pi = [ci A/ x] )
F1Ai(T2pi) | fapi: Coi = Qi)

[(x:D)l, | fg:Ck
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Case tree typing:
casex{refl =7 Q}

MMFu="v:B= vES([,p,7)
M(Map) [ fagp: Cp- @

M(x:u=pgv)ly|fg:CF case{refl =7 Q}

MM Fup=vp:Ap
MErmp=1:T]
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Case tree typing:
casex{ }

MFu="v:B=NO

Mi(x:u=gv)ly | fg:Ck cased}
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From clauses to a case tree



From clauses to a case tree

The clauses guide us in the construction of a
well-typed case tree:
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From clauses to a case tree

The clauses guide us in the construction of a
well-typed case tree: as we construct the
case tree, we deconstruct the clauses.

Ffg:AF P~ Q

entails ' [fg:AF Q

P = {wi /7 pul G — rhs;

i=1...n

18/38



max : N —- N —- N
zero  J — J

I zero < |
(suc k) (suc /) = suc (max k /)
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(m:N) | maxm:N— N

[m /7 zero] | > J
[m /7] zero <> |
[m /7 suc k] (suc /) = suc (max k /)
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max zero : N — N

[zero /7 zero] j — j
[zero /7 i] zero <> |
[zero /* suc k] (suc 1) = suc (max k /)

(p:N) | max (suc p) : N = N

[suc p /? zero] | < J
[suc p /7 i] zero > |
[suc p /* suc k] (suc /) < suc (max k /)

19/38



max zero : N — N
Joo=
[zero /7 i] zero « i

(p:N) | max (suc p) : N = N

[sucp /7 i] zero < i
[p /" k] (suc!) < suc (max k /)

19/38



(n:N) | max zero n: N

[n /" J] —J
[zero /7 i, n /7 zero] — i

(p:N)(n:N) | max (suc p) n: N

[sucp /" i,n /" zero] — i
[p /" k,n/"sucl] < suc (max k /)
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(n:N) | max zeron < n: N
(p:N)(n:N) | max (suc p) n: N

[sucp /" i,n /" zero] < i
[p/ k,n/"sucl] < suc(max k /)
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(n:N) | max zeron < n: N
(p: N) | max (suc p) zero : N
[suc p /7 i] = i
(p:N)(q : N) | max (suc p) (suc q) : N

p /" k,q /" 1] = suc (max k /)
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(n:N) | max zeron < n: N

(p: N) | max (suc p) zero < suc p: N

(p:N)(g:N) | max (suc p) (suc q) : N

p /" k,q /1] = suc (max k I)
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(n:N) | max zeron < n: N

(p: N) | max (suc p) zero < suc p: N

(p:N)(q : N) | max (suc p) (suc q)
< suc (max p q) : N

19/38



Case tree for max

zero — An. n

suc p —

Am. casep, Zero —» suc p
An. case,q suc g —

suc (max p q)
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zero : N

.Iszero < true
.pred @ < impossible
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zero .iszero : B

— true
zero .pred : zero .iszero =p false — N*°

() < impossible
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zero .iszero < true : B

zero .pred : zero .iszero =p false — N*°

() < impossible
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zero .iszero < true : B

x : zero .iszero =g false | zero .pred x : N

[x /7 0] < impossible

21/38



zero .iszero < true : B
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Case tree for zero

Iszero — true
record

pred +— Ax. casex{}
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Case tree for timer

An. record

head — n
tail — Am, p.

case,

zero +—> casep{ }
suc n’

{reﬂ 1 }
case,

timer m
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data D : N — Set where
c:(n:N)—Dn

foo: (m:N) — D (suc m) = N

m (c (suc n)) < m—+n
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data D : N — Set where
c:(n:N)—Dn

(m:N)(x:D (suc m)) | foomx:N

[m /" m,x /" c(suc n)] = m+n
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data D : N — Set where
c:(n:N)—Dn

(m:N) | foo m (c (suc m)): N

[m /" m,c (suc m) /* c (suc n)] = m+n
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data D : N — Set where
c:(n:N)—Dn

(m:N) | foo m (c (suc m)): N

[m/"m,m /" n] < m+n

24 /38



data D : N — Set where
c:(n:N)—Dn

(m:N) | foo m (c (sucm)) — m+m:N

24 /38



Case tree for foo

cnp+ }

A : X
My % Case { casep, { refl =1m (m + m) }
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Constructing a case tree:
nothing to split

g1 =¢ [+ £ = SOLVED(0)
rhs; = v [Fvo:C
M fg:Ck P~ vo

Side effect: 2 =2, Ffg—vo:C
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Constructing a case tree:
introduce new variable

G=pd  CN\(x A) B
[(x:A)|fgx:BFP(x:A)~Q

[[fg:CHP~ x. Q
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Constructing a case tree:
split on result

g1 = .7 Ell C \1 R
record self : R : Set; where 71 : A; € &
(C|fg.m:Alf [g]/selfl- P .m~ Qi)i=1

[ fg: CkH P~ record{m +— Q1;...;m — Qu}

2838



Constructing a case tree:
absurd split on result

g =10 m=1 C\RV
record _: R : Sety where e € & rhs, = impossible

[|fg: CkF P~ record{}
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Constructing a case tree:
split on variable

(x/'gp:A)eE;  AND T=Ti(x: A
data D : Sety where ¢; A; €

p;:[CiA,‘/X] Pp,'ipi
(MA(T2pi) | £ api: Cpi b= P~ Q; i=1..n

rfg:CrPpP
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Constructing a case tree:
split on equation

(x /" refl : A) € By AN Uu=gv
F="T1(x: Al M Fu="v:B= vES(,p,7)
YEPp=F M(Fop) | fgp: Cpt PP~ Q

[fg: CF P~ casefrefl =7 Q)
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Constructing a case tree:
split on empty type

(x/"0:A) ek TFQ:A  rhs; =impossible

M fg: CkH P~ case}
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Preservation of first-match semantics



Evaluation of case trees

(M. Qoue— QoW [u/x])e
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Evaluation of case trees

(M. Qoue— QoW [u/x])e
(record{m; — Q1;...;m — Q,})o .m & — Qo €

(casex{c: Al Q. .ich A, — Qn})o €
— Q,'(O'\X %) [ZI/A,]) e
(if xo \(c 1)
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Evaluation of case trees

(M. Qoue— QoW [u/x])e
(record{m; — Q1;...;m — Q,})o .m & — Qo €

(casex{c: Al Q. .ich A, — Qn})o €
— Q,'(O'\X %) [ZI/A,]) e
(if xo \(c 1)
(casex{refl =™ Q})o e — Q(7;0) €

(if xo N\ refl)
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Matching algorithm

v N\ refl

v/xINv/x] v/ L]\ [v /refl] N ]

v\ Cu [/p] \yoL v\ Co U 1 #C
[v/chl \voL [v/cipl \ L

T # T2

[/ 71Nl [/ m] N\ L

[e/ql oL [/q 7L
[e /€] \([] [ee/qg] oL W7,
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First-match semantics

If f is given by {g; <> rhs; | i=1...n} and

efe/gl\Lforj=1...i—1
e [e/q]\o

then f e — u;o.
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Preservation of
first-match semantics

Let f be given by P = {g; < rhs;}i—1 . If

e c|[f:AFP~Q
e[ |f:AF€e:B
e f & — u (according to first-match)

then also @ e — wu.
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The shortcut rule for matching

Can we allow the following rule?

le/q] L
lee/qgq] \ L
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The shortcut rule for matching

Can we allow the following rule?

le/q]l L
lee/qgq] \ L

No! Otherwise this function has no case tree:

f:(A:Set) > A—B = (A=s B) = B
f [B] true true refl = true
f_ - - _ =false

37/38



Conclusion

To use a typechecker or proof assistant,
we need to trust not only the core language
but also the elaboration algorithm.
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Conclusion

To use a typechecker or proof assistant,
we need to trust not only the core language
but also the elaboration algorithm.

It pays off to formalize elaboration:
| found a bug in Agda by writing the proof.

Let's work together on a formally verified
typechecker for dependent types!
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